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UNIQUENESS THEOREMS OF SELF-CONFORMAL SOLUTIONS
TO INVERSE CURVATURE FLOWS
NICHOLAS CHENG-HOONG CHIN, FREDERICK TSZ-HO FONG, AND JINGBO WAN
Abstract. It has been known in [6, 16, 5] that round spheres are the only
closed homothetic self-similar solutions to the inverse mean curvature flow and
many other curvature flows by degree −1 homogeneous functions of principle
curvatures in the Euclidean space.
In this article, we prove that the round sphere is rigid in much stronger
sense, that under some natural conditions such as star-shapedness, it is the
only closed solution to the inverse mean curavture flow and some other flows in
the Euclidean space which evolves by diffeomorphisms generated by conformal
Killing fields.
1. Introduction
In this article, we study uniqueness problems of self-conformal solutions to in-
verse curvature flows including the inverse mean curvature flow (IMCF). They are
solutions which evolve by diffeomorphisms generated by conformal Killing fields.
The flows that we consider are parabolic flows on Euclidean hypersurfaces Σn≥2 ⊂
R
n+1 of the general form:
(1.1)
(
∂F
∂t
)⊥
= −
1
ρ
ν.
Here ν is the evolving Gauss map, and ρ(λ1, · · · , λn) : Γ ⊂ R
n → R+ is a positive,
homogeneous of degree 1, symmetric and C2 function of principal curvatures defined
on an open cone Γ ⊂ Rn. When ρ = H (the mean curvature), the flow (1.1) is
the well-known inverse mean curvature flow (IMCF) which is the major tool of
proving many geometric inequalities such as the Riemannian Penrose inequality by
Huisken-Ilmanen [14], and Minkowski’s and Alexandrov-Fenchel’s inequalities by
Guan-Li [9], Brendle-Hung-Wang [2], Wei [18], and many others.
Self-conformal solutions are solutions which evolve by diffeomorphisms generated
by a conformal Killing field, which is a vector field V on Rn+1 that satisfies LV δ =
2div(V )
n+1 δ where δ is the standard Euclidean metric on R
n+1. They include self-
similar solutions and translating solitons as special cases. In particular, the position
vector X is an example of a conformal Killing field with div(X) being a constant
function. The diffeomorphisms generated by cX are rescaling maps. Solutions that
evolve by these rescaling diffeomorphisms are called self-similar solutions. When
V is a constant vector, the diffeomorphisms generated by V are translations and
self-conformal solutions along this V are known as translating solitons.
We focus only on compact Euclidean hypersurfaces in this article. For compact
self-similar solutions, it has been proven that round spheres are the only closed
self-similar solutions to (1.1) by G. Drugan, H. Lee and G. Wheeler [6] (in the case
ρ = H); by K.K. Kwong, H. Lee and J. Pyo [16] (in the case ρ = (σi/σj)
1/(i−j) and
their positive linear combinations); and finally in [5] by A. Chow, K.W. Chow and
the second-named author for any general homogeneous function ρ of degree 1 such
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that (1.1) is parabolic. In both [6] and [16], the Hsiung-Minkowski’s identities [11]
and their weighted variants [16] were used to show that such a self-similar solution
must be umbilic. Hsiung-Minkowski’s identites are integral formulae involving σk’s,
the k-th elementary symmetric polynomial, so the general case considered in [5] was
proved by a different argument. In [5], the authors showed that such a closed self-
similar solution must be rotationally symmetric about any axis through the origin,
and consequently such a solution must be a round sphere. On the other hand,
self-similar solutions which are non-compact or with higher codimensions are much
less rigid, as there are such examples constructed in [13, 3, 6, 5, 12], some of which
even have the same topological type but are geometrically distinct.
The main purpose of this article is to show the round spheres are rigid in much
stronger sense, that they are the only closed self-conformal solutions to the inverse
mean curvature flow (and some other non-linear flows by homogenenous speed
functions) under some natural assumptions such as star-shapedness. Here is the
summary of our main results:
Main Theorem. Suppose Σn ⊂ Rn+1 is a closed self-conformal solution to the
flow (∂tF )
⊥ = ϕν. Then, if any of the following conditions below is met, then Σn
must be a round sphere.
(i) n = 2, and ϕ = −
H2β−1
Kβ
where β ∈ [0, 1]; or
(ii) n ≥ 2, Σn is star-shaped, and ϕ = −
1
ρ
where ρ is a symmetric homogeneous
function of degree 1 in the class C defined in p.7; or
(iii) n ≥ 2, Σn has reflectional symmetries about a set of (n + 1) orthogonal
hyperplanes in Rn+1, and ϕ = −
σk−1
σk
where k = 1, · · · , n.
All three cases (i)-(iii) include the inverse mean curvature flow (with β = 0 for
(i), ρ = H for (ii), and k = 1 for (iii)). For (i), the uniqueness result is proved
using the Willmore energy which is a conformal invariant and is monotone along
the flow. No star-shaped condition is needed in this case. For (ii), the star-shaped
condition enables us to apply the estimates by Gerhardt [8] and Urbas [17] to prove
our uniqueness result. For (iii), the reflection symmetries of Σn allow us to show
the monotone quantities considered by P. Guan and J. Li in [9] are stationary along
the flow. We will prove (i) in Theorem 3.1, (ii) in Theorem 4.2, and (iii) in Theorem
4.5.
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2. Preliminaries
Definition 2.1 (Conformal Killing fields). A vector field V on a Riemannian man-
ifold (M, g) is said to be a conformal Killing field if there exists a smooth function
αV :M → R such that
(2.1) LV g = 2αV g
where LV denotes the Lie derivative along V .
Remark 2.2. Express V = V i ∂∂xi in local coordinates, then we have (LV g)ij =
∇iVj + ∇jVi, and so it is necessary that αV =
divg(V )
dimM for V to be a conformal
Killing field.
3Suppose V is a conformal Killing field in (M, g), then by considering the defini-
tion of Lie derivatives we have
d
dt
(
ΦVt
)∗
g =
(
ΦVt
)∗
(LV g) =
(
ΦVt
)∗
(2αV g),
so one can easily solve this ODE and show that ΦVt pulls back g by
(2.2)
(
ΦVt
)∗
g = e2
∫
t
0 (Φ
V
τ )
∗
αV dτg.
Hence, ΦVt is a conformal map on the set of points inM on which Φ
V
t is well-defined.
On Euclidean spaces Rn+1≥3, the set of conformal Killing fields is completely
known. They are of the form:
V (X) = v +AX + µX + 2 〈b,X〉X − |X |2b
for some v, b ∈ Rn+1, µ ∈ R and A ∈ O(n). Consequently, div(V ) is an affine linear
function on Rn+1 (see Proposition 4.3). Each term in V corresponds to a specific
kind of conformal transformations. The constant vector v gives the translation,
X 7→ AX gives an isometry, X → µX gives a homothetic rescaling, and X 7→
2 〈b,X〉X − |X |2b corresponds to inversions.
Definition 2.3 (Self-Conformal Solutions). A complete hypersurface Σn ⊂ Rn+1
is said to be a self-conformal solution to the flow (1.1) if the flow (1.1) initiating
from Σ evolves by
Σt = Φ
V
t ◦ Σ
for some conformal Killing field V in the Euclidean space Rn+1. Here ΦVt : R
n+1 →
R
n+1 is the diffeomorphism family generated by V .
When V = µX where µ is a non-zero constant, and X is the position vector field
in Rn+1, then the diffeomorphism family generated by V is given by ΦVt (X) = e
µtX .
A self-conformal solution with respect to this V is called a self-similar solution. Such
a solution is called a self-expander if µ > 0; and a self-shrinker if µ < 0. When V
is a constant vector field, then ΦVt (p) = p + tV , so a self-conformal solution with
respect to this V is called a translating soliton, or simply a translator. Therefore,
the class of self-conformal solutions include many well-studied special solutions of
curvature flows.
As mentioned in the introduction, the following results are known about the
uniqueness of closed self-similar solutions to IMCF and many other flows as well:
Theorem 2.4 (Drugan-Lee-Wheeler [6], Kwong-Lee-Pyo [16], Chow-Chow-Fong
[5]). The only closed self-similar solutions to the flow (∂tF )
⊥ = − 1ρν, where ρ
satisfies conditions (i)-(iv) stated in p.7 (condition (v) is not needed), are round
spheres.
Therefore, the main theorem stated in p.2 strengthens the above rigidity result by
showing that round spheres are unique even in the class of self-conformal solutions
of IMCF and some types of flows satisfying conditions (i)-(iv) in p.7.
3. Uniqueness Theorem of Self-Conformal Surfaces in R3
Using the Willmore energy, the round 2-spheres in R3 can be shown to be the
only closed self-conformal solutions to some inverse curvature flows including the
inverse mean curvature flow (IMCF). These flows are of the form(
∂F
∂t
)⊥
= −
H2β−1
Kβ
ν
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where H and K are the mean and Gauss curvatures respectively, and β is any real
number in [0, 1]. When β = 0, then the flow is the inverse mean curvature flow.
When β = 1, the speed function of the flow is −σ1σ2 = −
H
K .
Throughout the article, we will implicitly assume that solutions to the flows
satisfy curvature conditions so that the speed function is well-defined. For instance,
for the inverse mean curvature flow (∂tF )
⊥ = − 1H ν, we assume the hypersurface is
mean-convex; while for the flow (∂tF )
⊥ = −HK ν, we assume the surface is convex
so that K(p) 6= 0 for any p.
Theorem 3.1. The only closed self-conformal solutions Σ2 ⊂ R3 to the inverse
curvature flow
(
∂tF
)⊥
= −H
2β−1
Kβ
ν, where β ∈ [0, 1], are round spheres.
Proof. The Willmore energy
W (Σ) :=
∫
Σ
H2 dµΣ
is well-known (see e.g. [4, 19]) to be a conformal invariant for surfaces in R3, in a
sense that if Φ : Σ→ Φ(Σ) is a conformal diffeomorphism, then W (Φ(Σ)) =W (Σ).
We are going to show that W (Σt) is monotone decreasing along the flows stated in
the theorem. Note that by reparametrization one can replace the embedding F by
one that satisfies:
∂F
∂t
= −
H2β−1
Kβ
ν,
and the Willmore energy defined as an integral is unchanged under reparametriza-
tions.
The Willmore energy W (Σt) evolves under a general variation
∂F
∂t = fν by:
d
dt
W (Σt) =
∫
Σ
2H
(
∆f + f |A|2
)
+H2(−fH) dµ
=
∫
Σ
−2〈∇H,∇f〉+ 2fH
(
|A|
2
−
H2
2
)
dµ.
Now take f = −H2β−1K−β, then we have
∇f = −(2β − 1)H2β−2K−β∇H + βH2β−1K−β−1∇K.
Take an orthonormal basis {e1, e2} of TpΣt such that the second fundamental form
is given by hij = h(ei, ej) = λiδij at p, then we have:
∇K = λ2(∇e1H) e1 + λ1(∇e2H) e2.
It follows that
〈∇H,∇K〉 = λ2 (∇e1H)
2
+ λ1(∇e2H)
2,
〈∇f,∇H〉 = −(2β − 1)H2β−2K−β |∇H |
2
+ βH2β−1K−β−1
(
λ2(∇1H)
2 + λ1(∇2H)
2
)
= −
H2β−2
Kβ
[(
(2β − 1)−
βH
λ1
)
(∇1H)
2 +
(
(2β − 1)−
βH
λ2
)
(∇2H)
2
]
.
Note that when β ∈ [0, 1], we have
(2β − 1)−
βH
λ1
=
(β − 1)λ1 − βλ2
λ1
≤ 0
and similarly,
(2β − 1)−
βH
λ2
≤ 0.
5This proves
d
dt
W (Σt) ≤ −
∫
Σ
2H2β
Kβ
|A◦|
2
dµ ≤ 0.
The equality holds if and only if Σt is umbilic. Here we have used the fact that
λ1, λ2 > 0 when β ∈ (0, 1]. This assumption is implicitly made so that the speed
function −H2β−1K−βν is well-defined. When β = 0 (IMCF), we only need the
condition H > 0 (also implicitly assumed).
Now if Σt is a self-conformal solution to the flow
(
∂tF
)⊥
= −H
2β−1
Kβ
ν where
β ∈ [0, 1], then ddtW (Σt) ≡ 0 for any t > 0, and consequently Σ is umbilic and
hence is a round sphere in R3. 
Remark 3.2. Note that the derivative ddtW (Σt) is linear in f , so Theorem 3.1
actually holds for any flows of the form:(
∂F
∂t
)⊥
= −
(∑
i
ai
H2βi−1
Kβi
)
ν
where {ai} is a finite set of positive numbers, and βi ∈ [0, 1] for each i.
The approach of proving Theorem 3.1 works only for surfaces in R3, since the
Willmore energy is not a conformal invariant in higher dimensional hypersurface.
There are conformal invariances defined in e.g. [10] for hypersurfaces Σn in Rn+1
for n ≥ 3 generalizing the Willmore energy, but they do not appear to be monotone
even along the IMCF.
4. Uniqueness Theorems in Higher Dimensions
To extend Theorem 3.1 to higher dimensional IMCF and to other flows (1.1), we
seek other approaches. One approach is the use of a point-wise conformal invariant
Eij(a) to be defined below, and also the asymptotic properties of the flow (1.1)
proved by Gerhardt [8] and Urbas [17]. The assumption on star-shapedness will be
needed.
A hypersurface Σn ⊂ Rn+1 is star-shaped if it can be written as a smooth radial
graph over the unit sphere Sn; that is, there exists a smooth function u : Sn →
(0,∞) such that
Σ = {u(p)p : p ∈ Sn} .
Self-similar solutions to the flow (1.1), whose conformal Killing fields are constant
multiples of the position vectorX , must be star-shaped. It is because− 1ρ = 〈µX, ν〉,
and hence 〈X, ν〉 is non-vanishing on Σ. For self-conformal solutions, the star-
shapedness is regarded as an additional condition.
Another approach of extending Theorem 3.1 is to consider the monotone quan-
tities
Qk(t) :=
(∫
Σt
σkdµ
) 1
n−k
(∫
Σt
σk−1dµ
) 1
n−k+1
where σk is the k-th elementary symmetric function of principal curvatures with
σk(1, · · · , 1) =
(
n
k
)
. These quantities are proved by Guan-Li in [9] to be monotone
along the flow (∂tF )
⊥ = −σk−1σk ν, and are stationary if and only if Σt is a round
sphere. Using these quantities, one can show the only closed self-conformal solutions
to the flow (∂tF )
⊥ = −σk−1σk ν which are reflectional symmetric about a set of
(n+1) orthogonal hyperplanes in Rn+1 must be round spheres. Other ingredients in
the proof include Hsiung-Minkowski’s identities and the classification of conformal
Killing fields in Euclidean spaces.
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4.1. A family of conformal invariant 2-tensors. We consider the following
family of 2-tensors on Σ which are invariant under conformal diffeomorphisms.
They will be used, combining with the curvature asymptotics of the flow by [8, 17]
to show the uniqueness of star-shaped self-conformal solutions.
Lemma 4.1. Each of the 2-tensors in the following 1-parameter family
Eij(a) := Hhij + aH
2gij −
n
2
hki hkj −
2an+ 1
2
|A|2gij , where 2an+ 1 ≥ 0,
is invariant under conformal diffeomorphisms Φ : Σ → Φ(Σ), and each of them is
zero at a point p ∈ Σ if and only if Σ is umbilic at p ∈ Σ. Therefore, E(a) ≡ 0 on
Σ if and only if Σ is a round sphere.
Proof. Let Φ : Σ→ Σ˜ be a conformal diffeomorphism. Denote geometric quantities
of Σ by gij , hij , etc., and those of Σ˜ by g˜ij , h˜ij , etc.
Under a conformal diffeomorphism, the first and second fundamental forms of Σ
and Σ˜ are related by
g˜ij = e
2fgij ,
h˜ij = e
f (hij − (Dνf)gij) .
Using these, one can compute that curvatures of Σ and Σ˜ are related by:
H˜ = g˜ij h˜ij = e
−f(H − nDνf)
(A˜2)ij = h˜ipg˜
pqh˜qj = (h
q
i − (Dνf)δ
q
i )(hqj − (Dνf)gqj)
= (A2)ij − 2(Dνf)hij + (Dνf)
2gij
|A˜|2 = g˜ij(A˜2)ij = e
−2f(|A|2 − 2H(Dνf) + n(Dνf)
2)
Using these, we can directly verify each Eij(a) is a conformal invariance, as all
terms involving Dνf got cancelled:
E˜ij(a) = H˜h˜ij + aH˜
2g˜ij −
n
2
(A˜2)ij −
2an+ 1
2
|A˜|2g˜ij
= e−f (H − nDνf)e
f (hij − (Dνf)gij)
+ ae−2f(H − nDνf)
2e2fgij
−
n
2
[(A2)ij − 2(Dνf)hij + (Dνf)
2gij ]
−
2an+ 1
2
e−2f (|A|2 − 2HDνf + n(Dνf)
2)e2fgij
= Hhij + aH
2gij −
n
2
(A2)ij −
2an+ 1
2
|A|2gij = Eij(a).
Next, we show that for 2an+ 1 ≥ 0, Eij(a) = 0 on Σ if and only if Σ is a round
sphere. Consider an orthonormal basis {ei} of TpΣ at a point p ∈ Σ such that
hij = h(ei, ej) = λiδij . Then, Eij(a) is also diagonal with eigenvalues given by
Hλi + aH
2 −
n
2
λ2i −
2an+ 1
2
|A|2 = −
n
2
(
λi −
H
n
)2
−
2an+ 1
2
|A◦|2 .
We see that Eij(a) = 0 at p if and only if
−
n
2
(
λi −
H
n
)2
−
2an+ 1
2
|A◦|2 = 0
for all i = 1, · · · , n. Since 2an + 1 ≥ 0, this condition is equivalent to λi =
H
n for
any i = 1, · · · , n. This shows by picking 2an + 1 ≥ 0, one has Eij(a) ≡ 0 on Σ if
and only if Σ is totally umbilic (i.e. Σ is a round sphere in Rn+1). 
7Using the conformal invariants Eij , we can show that round spheres are the only
closed, star-shaped self-conformal solutions to a large class of inverse curvature
flows by homogeneous speed functions − 1ρ considered by Gerhardt [8] and Urbas
[17]. We denote C to be the class of functions ρ of principal curvatures considered
in [8] and [17]. Precisely, ρ is in the class C if and only if all of the following hold:
(i) ρ is C2 and is positive on a cone Γ ⊂ Rn containing (1, · · · , 1).
(ii) ρ is a symmetric function on Γ.
(iii) ρ is homogeneous of degree 1 on Γ.
(iv) ∂ρ∂λi > 0 on Γ for any i.
(v)
[
∂2ρ
∂λi∂λj
]
is semi-negative definite on Γ.
Examples of such ρ’s include ρ = H , ρ = σkσk−1 , ρ = (σi/σj)
1/(i−j), ρ = σ
1/k
k , etc.
Theorem 4.2. The only closed, star-shaped self-conformal solution Σn ⊂ Rn+1 to
the flow (∂tF )
⊥ = − 1ρν with ρ ∈ C are round spheres.
Proof. Let Ft be the evolving embedding of Σt along the flow (1.1). By [8, 17], the
star-shaped condition is preserved so that Σt can be regarded as a evolving graph
over the unit sphere Sn with the round metric gSn . Let σij be the local components
of gSn . Denote the evolving graph function by u(t) : S
n → R+, then from [8, 17]
we have the following estimates: there exist constants β,C > 0 such that
0 <
1
C
et/µ ≤ u(t) ≤ Cet/µ where µ = ρ(1, · · · , 1),
|∇u(t)|gSn ≤ C,
u(t)hji (t) = δ
j
i +O(e
−βt).
Here ∇ is the Levi-Civita connection of Sn. By rescaling the flow by F˜t := e
−t/µFt
so that the graph function becomes u˜(t) := e−t/µu(t), the above estimates can be
written as:
1
C
≤ u˜(t) ≤ C
|∇u˜(t)|gSn ≤ Ce
−t/µ,
u˜(t)h˜ji (t) = δ
j
i +O(e
−βt)
The first fundamental form of F˜t is given by:
g˜ = u˜2gSn + du˜⊗ du˜ = u˜
2gSn +O
(
e−2t/µ
)
which is uniformly equivalent to g(0). We can then derive that
E˜ij(a) = H˜h˜ij + aH˜
2g˜ij −
n
2
(A˜2)ij −
2an+ 1
2
|A˜|2g˜ij
=
(n
u˜
+O
(
e−βt
))(
u˜2σik +O
(
e−2t/µ
))( 1
u˜
δkj +O
(
e−βt
))
+ a
(n
u˜
+O
(
e−βt
))2 (
u˜2σij +O
(
e−2t/µ
))
−
n
2
(u˜2σik +O
(
e−2t/µ
)
)
(
1
u˜
δkl +O
(
e−βt
))( 1
u˜
δlj +O
(
e−βt
))
−
2an+ 1
2
(
1
u˜
δlk +O
(
e−βt
))( 1
u˜
δkl +O
(
e−βt
))(
u˜2σik +O
(
e−2t/µ
))
= nσij + an
2σij −
n
2
σij −
2an+ 1
2
nσij +O
(
e−min{β,µ
−1}t
)
= O
(
e−min{β,µ
−1}t
)
.
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As t→ +∞, we have E˜ij(a)→ 0.
Now given that Σn is a self-conformal solution so that E˜ij(a) is in fact indepen-
dent of t by Lemma 4.1, we have E˜ij(a) ≡ 0 on Σ. Pick any a such that 2an+1 ≥ 0,
then by Lemma 4.1 again we have proved that Σn is a round sphere.

4.2. Conformal Killing fields in Rn+1. The uniqueness result in Theorem 4.2
holds for a very large class of inverse curvature flows, but it requires the hypersurface
to be star-shaped. We next discuss the uniqueness result for a specific type of flows
(still including IMCF) but the star-shapedness condition can be replaced by a
reflectional symmetry assumption.
We will need the classification of conformal Killing fields on Euclidean spaces,
which is well-known. For completeness and reader’s convenience, we include some
relevant parts of the classification result here.
Denote the standard Euclidean metric on Rn+1 by δ, the Levi-Civita connection
of (Rn+1, δ) by D, the Laplacian by ∆¯, and the standard coordinates by x =
(x1, . . . , xn+1).
Proposition 4.3 (c.f. [7]). Let V = V i∂i be a conformal Killing field on R
n+1
where n ≥ 2. Then, α = div(V )n+1 is an affine linear function on R
n+1, i.e.
α(x1, . . . , xn+1) = A+
n+1∑
i=1
Bixi
for some constants A,Bi ∈ R.
Proof. From LV δ = 2αδ, we have DjV
k + DkV
j = 2αδjk. Differentiating both
sides with respect to xi, we have
DiDjV
k +DiDkV
j = 2δjkDiα(*)
Permuting the indices i, j, k, we have the similar
DjDiV
k +DjDkV
i = 2δikDjα(**)
DkDiV
j +DkDjV
i = 2δijDkα(***)
Then, taking the trace on (*)+(**)−(***) gives
DiDjV
k = δjkDiα+ δikDjα− δijDkα(4.1)
Taking trace of (4.1), we have
∆¯V k =
∑
i
DiDiV
k
= (1 − n)Dkα.
Using the commutativity of D again, we have
∆¯(DiV
j) = Di
(
∆¯V j
)
= (1− n)DiDjα
and similarly,
∆¯(DjV
i) = (1− n)DjDiα = (1 − n)DiDjα.
Thus,
(4.2) ∆¯(LV g)ij = ∆¯(DiV
j) + ∆¯(DjV
i) =⇒ 2δij∆¯α = 2(1− n)DiDjα.
Taking the trace, we get
2(n+ 1)∆¯α = 2(1− n)∆¯α,
proving that α is harmonic on Rn+1. By (4.2), we conclude DiDjα = 0, completing
the proof. 
9By (4.1), we then conclude that each component V k has constant second deriva-
tives, so we have:
Corollary 4.4. Let V = V i∂i be a conformal Killing field on (R
n+1, δ) where
n+1 ≥ 3. Then each component of V is quadratic; that is, for each 1 ≤ k ≤ n+1,
V k(x1, . . . , xn+1) = ak + bkl x
l + ckijx
ixj
for some ak, bkl , c
k
ij ∈ R.
4.3. Uniqueness results for reflectional symmetric self-conformal solu-
tions. Recall that the uniqueness result in dimension two (Theorem 3.1) was proved
by considering the Willmore energy which, in the surface case, is monotone along
some inverse curvature flows including IMCF. In higher dimensions, the Willmore
energy is not a monotone quantity under these flows. However, there are well-known
monotone quantities Qk defined below along the flow (∂tF )
⊥ = −
σk−1
σk
ν introduced
in Guan-Li’s work [9]. These quantities are scale-invariant but not conformal-
invariant. Yet surprisingly, using Proposition 4.3 and Hsiung-Minkowski’s identi-
ties, one can show they are indeed stationary under conformal diffeomorphisms if
Σ has enough reflectional symmetries.
Theorem 4.5. Let Σn ⊂ Rn+1 be a closed self-conformal solution to the flow
(∂tF )
⊥ = −σk−1σk ν on Σ
n ⊂ Rn+1, where k = 1, · · · , n. Suppose Σ has reflectional
symmetries about a set of (n+1) orthogonal hyperplanes in Rn+1. Then, Σn must
be a round sphere.
Proof. Let V be a conformal Killing field in Rn+1, then LV δ =
2div(V )
n+1 δ. For each
k = 1, · · · , n, let Qk be the following scale-invariant quantity
Qk(t) :=
(∫
Σt
σk dµ
) 1
n−k
(∫
Σt
σk−1 dµ
) 1
n−k+1
which appeared in Guan-Li’s work [9] about Alexandrov-Fenchel’s inequalities.
Let Φt : R
n+1 → Rn+1 be a diffeomorphsim generated by V , i.e. Φ˙t = V ◦Φt. A
hypersurface Σ deforms along the vector field V if Σt = Φt(Σ0) for any t > 0, and
it implies
(
∂F
∂t
)⊥
= 〈V, ν〉 ν. As in [9, Lemma 5], the integral
∫
Σt
σl dµ evolves by
d
dt
∫
Σt
σl dµ = (l + 1)
∫
Σt
σl+1 〈V, ν〉 dµ.
Using this, we can compute the evolution of Qk(t):
d
dt
Qk(t) =
1
n− k
(∫
Σt
σk dµ
) 1
n−k
−1 d
dt
∫
Σt
σk dµ(∫
Σt
σk−1 dµ
) 1
n−k+1
−
1
n
(∫
Σt
σk dµ
) 1
n−k
d
dt
∫
Σt
σk−1 dµ(∫
Σt
σk−1 dµ
) 1
n−k+1+1
=
1
n− k
(∫
Σt
σk dµ
) 1
n−k
−1 (k + 1)
∫
Σt
σk+1 〈V, ν〉 dµ(∫
Σt
σk−1 dµ
) 1
n−k+1
−
1
n
(∫
Σt
σk dµ
) 1
n−k k
∫
Σt
σk 〈V, ν〉 dµ(∫
Σt
σk−1 dµ
) 1
n−k+1+1
.
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Next we use the Hsiung-Minkowski’s identities [11] (see also [15]) for conformal
Killing fields, which asserts that∫
Σ
〈V, ν〉
σk+1(
n
k+1
) dµ+ ∫
Σ
div(V )
n+ 1
σk(
n
k
) dµ = 0.
This shows
d
dt
Qk(t) = −
1
n− k
(∫
Σt
σk dµ
) 1
n−k
−1
·
k+1
n+1 ·
( nk+1)
(nk)
∫
Σt
σk div(V ) dµ(∫
Σt
σk−1 dµ
) 1
n−k+1
+
1
n
(∫
Σt
σk dµ
) 1
n−k
·
k
n+1
(nk)
( nk−1)
∫
Σt
σk−1div(V ) dµ(∫
Σt
σk−1 dµ
) 1
n−k+1+1
= −
Qk(t)
n+ 1
(∫
Σt
σkdiv(V ) dµ∫
Σt
σk dµ
−
∫
Σt
σk−1div(V ) dµ∫
Σt
σk−1 dµ
)
.(4.3)
Now assume that Σ has reflectional symmetries about a set of (n+1) orthogonal
hyperplanes. Let P = (c1, · · · , cn+1) ∈ R
n+1 be the intersection point of these
hyperplanes. As principal curvatures are invariant under isometries, we may assume
without loss of generality that these hyperplanes are coordinate hyperplanes.
By Proposition 4.3, div(V ) is an affine linear function on Rn+1. Write
div(V ) = A+
n+1∑
i=1
Bixi.
Then for each k = 1, · · · , n, we have∫
Σt
σk div(V ) dµ = A
∫
Σt
σk dµ+
n+1∑
i=1
Bi
∫
Σt
σk · [(xi − ci) + ci] dµ
=
(
A+
n+1∑
i=1
Bici
)∫
Σt
σk dµ+
n+1∑
i=1
Bi
∫
Σt
σk(xi − ci) dµ.
By the reflectional symmetry assumption, one has∫
Σt
σk(xi − ci) dµ = 0
since principal curvatures are invariant under reflections. Hence, we proved∫
Σt
σkdiv(V ) dµ∫
Σt
σk dµ
= A+
n+1∑
i=1
Bici
for any k = 1, · · · , n. Substitute this result into (4.3), we have
d
dt
Qk(t) = 0.
Moreover, from [9] the quantity Qk(t) is monotone decreasing along the flow
∂tF = −
σk
σk−1
ν, and Qk(t) is invariant under this flow if and only if Σt is a round
sphere. We conclude that Σ is a round sphere, completing the proof. 
To conclude, we have demonstrated that round spheres are unique not only in
the class of closed self-similar solutions of IMCF, but also in the class of closed
self-conformal solutions especially for IMCF. To the best of authors’ knowledge,
it is not known whether there are self-conformal solutions to IMCF which are not
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self-similar. For the compact case, Theorems 3.1, 4.2, and 4.5 shows such an ex-
ample must be in dimension three or higher, and it cannot be star-shaped or has
reflectional symmetries about coordinate planes. For the non-compact case, the
authors are not aware of any examples of self-conformal, but not self-similar, com-
plete solutions to IMCF. It is an interesting problem to construct such a solution,
or to show that it does not exist.
Appendix A. Inversion-Invariant Quantity and a Sharp Inequality
The classical Liouville’s Theorem for conformal maps (see e.g. [1]) asserts that
every conformal map of Rn+1≥3 is a composition of similarities and an inversion.
Inspired by this classification theorem and the proof of Theorem 4.5, one may hope
to find a conformal-invariant quantity that is monotone along, say, IMCF. The
quantity
Q1(Σ) =
1
|Σ|
n−1
n
∫
Σ
Hdµ
is only similarity-invariant. In view of Liouville’s Theorem, it is natural to consider
the modified Q1 defined as
Q(Σ) := Q1(Σ) +Q1(Σ˜) =
1
|Σ|
n−1
n
∫
Σ
Hdµ+
1
|Σ˜|
n−1
n
∫
Σ˜
H˜dµ˜
where Σ˜ is the inversion of Σ about the unit sphere centered at the origin.
It is clearly invariant under the inversion about unit sphere. One wishes that it
is also monotone along IMCF, but it does not seem to be the case. However, we
are able to prove a sharp geometric inequality concerning Q for star-shaped Σ.
Theorem A.1. Suppose Σn ⊂ Rn+1≥3 is a star-shaped closed hypersurface given
as a radial graph of f : Sn → R+ over the unit sphere S
n. Let R := sup
p∈Sn
f(p) and
r := inf
p∈Sn
f(p). Then, we have
( r
R
) 3(n−1)
2 2n|Sn|(
|Σ| · |Σ˜|
)n−1
2n
≤ Q(Σ) ≤
(
R
r
) 3(n−1)
2 2n|Sn|(
|Σ| · |Σ˜|
)n−1
2n
where equalities hold if and only if Σ is a round sphere.
Proof. Denote the standard round metric on Sn by gSn := ι
∗δ, where δ is the
flat metric on Rn+1 and ι : Sn → Rn+1 is the inclusion. Let FSn be a local
parametrization of Sn with local coordinates (xi). The components of gSn with
respect to the local coordinates (xi) on Sn are denoted by σij , and let ∇ be the
Levi-Civita connection on (Sn, gSn).
Then, the star-shaped hypersurface Σ and its inversion Σ˜ can be locally param-
eterized by
F := fFSn and F˜ =
1
f
FSn
respectively.
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Denote the geometric quantities of Σ by gij , hij , etc., and those of Σ˜ by g˜ij , h˜ij ,
etc. By direct computations, one can get:
∂F
∂xi
= f
[
(∇i log f)FSn +
∂FSn
∂xi
]
,
gij = f
2 [σij + (∇i log f) (∇j log f)] ,
gij =
1
f2
[
σij −
(
∇i log f
) (
∇j log f
)
1 + |∇ log f |
2
]
,
dµ = fn
√
1 + |∇ log f |2dµSn ,
ν =
1√
1 + |∇ log f |
2
[
FSn −
(
∇k log f
) ∂FSn
∂xk
]
,
hij =
f√
1 + |∇ log f |2
[σij + (∇i log f) (∇j log f)−∇i∇j log f ] ,
H =
1
f
√
1 + |∇ log f |2
[
n−∆ log f +
(
∇i log f
) (
∇j log f
)
(∇i∇j log f)
1 + |∇ log f |
2
]
.
By replacing f by 1f , we obtain:
∂F˜
∂xi
=
1
f
[
− (∇i log f)FSn +
∂FSn
∂xi
]
,
g˜ij =
1
f2
[σij + (∇i log f) (∇j log f)] ,
g˜ij = f2
[
σij −
(
∇i log f
) (
∇j log f
)
1 + |∇ log f |
2
]
,
dµ˜ =
√
1 + |∇ log f |
2
fn
dµSn ,
ν˜ =
1√
1 + |∇ log f |
2
[
FSn +
(
∇k log f
) ∂FSn
∂xk
]
,
h˜ij =
1
f
√
1 + |∇ log f |2
[σij + (∇i log f) (∇j log f) +∇i∇j log f ] ,
H˜ =
f√
1 + |∇ log f |2
[
n+∆ log f −
(
∇i log f
) (
∇j log f
)
(∇i∇j log f)
1 + |∇ log f |
2
]
.
We can then easily derive the relation between the mean curvatures H and H˜:
(A.1) H˜ = −f2H +
2nf√
1 + |∇ log f |2
By (A.1), we have
Q1(Σ˜) =
1
|Σ˜|
n−1
n
∫
Σ˜
H˜dµ˜ =
−
∫
Σ
H
f2(n−1)
dµ+
∫
Sn
2n
fn−1
dµSn(∫
Σ
1
f2n
dµ
)n−1
n
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Using r ≤ f ≤ R on Sn, we can estimate
Q1(Σ˜) ≤
−
1
R2(n−1)
∫
Σ
Hdµ+
1
rn−1
∫
Sn
2ndµSn(
1
R2n
∫
Σ
dµ
)n−1
n
=
−
1
R2(n−1)
∫
Σ
Hdµ+
2n|Sn|
rn−1
1
R2(n−1)
|Σ|
n−1
n
= −
1
|Σ|
n−1
n
∫
Σ
Hdµ+
(
R
r
)n−1
Rn−1 ·
2n|Sn|
|Σ|
n−1
n
∴ Q1(Σ) +Q1(Σ˜) ≤
(
R
r
)n−1
Rn−1 ·
2n|Sn|
|Σ|
n−1
n
Next, note that the inversion of Σ˜ is just Σ. Thus, using 1R ≤
1
f ≤
1
r , we have
Q1(Σ˜) +Q1(Σ) ≤
(
1/r
1/R
)n−1(
1
r
)n−1
·
2n|Sn|
|Σ˜|
n−1
n
=
(
R
r
)n−1(
1
r
)n−1
·
2n|Sn|
|Σ˜|
n−1
n
Therefore,(
Q1(Σ) +Q1(Σ˜)
)2
≤
(
R
r
)n−1
Rn−1 ·
2n|Sn|
|Σ|
n−1
n
·
(
R
r
)n−1(
1
r
)n−1
·
2n|Sn|
|Σ˜|
n−1
n
=
(
R
r
)3(n−1)
(2n|Sn|)
2(
|Σ| · |Σ˜|
)n−1
n
.
Hence, we have proved one side of the inequality:
Q1(Σ) +Q1(Σ˜) ≤
(
R
r
) 3(n−1)
2 2n|Sn|(
|Σ| · |Σ˜|
)n−1
2n
The other inequality is proved similarly.
Note that the only occasions where we have inequalities are when we estimate
f and 1/f using r ≤ f ≤ R. Thus, the inequalities above become equalities if and
only if r = f = R on Sn; that is, f is a constant, and this happens if and only if Σ
is a round sphere. 
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